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Abstract 

We define, on smooth manifolds, the notions of almost twistorial structure 
and twistorial map, thus providing a unified framework for all known exam- 
ples of twistor spaces. The condition of being harmonic morphisms natu- 
rally appears among the geometric properties of submersive twistorial maps 
between low-dimensional Weyl spaces endowed with a nonintegrable almost 
twistorial structure due to Eells and Salamon. This leads to the twistorial 
characterisation of harmonic morphisms between Weyl spaces of dimensions 
four and three. Also, we give a thorough description of the twistorial maps 
with one-dimensional fibres from four-dimensional Weyl spaces endowed with 
the almost twistorial structure of Eells and Salamon. 

Introduction 

A predominant theme in the theory of harmonic maps is their relationship to 
holomorphicity. Right from their inception, harmonic maps have been recognised 
by Eells and Sampson to include holomorphic maps between Kahler manifolds, 
and a few years later, Lichnerowicz distinguished two sub-classes of almost Her- 
mitian manifolds for which this also holds. 

A far harder task is to find conditions forcing harmonic maps to be holomor- 
phic. The clearest situation is between two-spheres since harmonicity then implies 
conformality, but, in general, additional conditions are required, on the map or 
on curvature. 

From a Riemann surface, or a complex projective space, into a compact ir- 
reducible Hermitian symmetric space harmonic stability ensures holomorphicity 
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In the broader context of compact Kahler manifolds, Siu [22] used a <9<9-Bochner 
argument to prove, under strong negativity of the target curvature, the holomor- 
phicity of rank four harmonic maps, from which he deduced the biholomorphicity 
of compact Kahler manifolds of the same homotopy type. 

Whilst these results are of great importance in understanding harmonic maps, 
this scheme bears its own natural limits, if only because it requires the presence 
of complex structures, with their topological consequences. 

To overcome this hurdle, one can replace the codomain with an adequate bun- 
dle admitting a natural complex structure, such that harmonicity of any map is 
given by holomorphicity of its lift to this bundle. 

This strategy, which could be traced to Calabi and even Weierstrass, was put 
into effect by Eells and Salamon [S] , who modified a well-known twistor con- 
struction of Atiyah, Hitchin and Singer (see Example 13.81 . below) to define, in 
our terminology, an almost twistorial structure on any oriented four- dimensional 
Riemannian manifold (see Example 13.91 ). This yields a bijective correspondence 
between conformal harmonic maps and holomorphic curves (see Proposition [521). 
These ideas were extensively pursued by Bryant [3] , and Burstall and Rawnsley 
[5] for (even-dimensional) Riemannian symmetric spaces. 

The success of this strategy leads naturally to considering lifts on both the 
domain and the codomain, hence removing any need of pre-existing almost com- 
plex structures. The objective is two-fold: firstly, show that the existence of a 
holomorphic lift implies harmonicity and, secondly, find natural conditions under 
which harmonic maps admit holomorphic lifts. 

As holomorphic maps are closed under composition, it seems that harmonic 
morphisms will have an important role in this programme. 

Besides, the very conformal nature of their characterization makes Weyl geom- 
etry an ideal framework for their study, but it also turns out to provide examples 
of twistor spaces in dimension two, three and four. 

In the complex category, a twistor, that is, a point of the twistor space of a 
(complex) manifold M, determines a submanifold, possibly, with self-intersections, 
of M. For example, the twistor space of an anti-self-dual complex-conformal four- 
dimensional manifold (M 4 , c) is the space of self-dual surfaces of (M 4 , c) ; also, 
the twistor space of a three-dimensional Einstein-Weyl space (M 3 ,c,D) is the 
space of coisotropic surfaces of (M 3 , c) which are totally-geodesic with respect to 
D (see [20]). Similar considerations apply to the flat complex-conformal even- 
dimensional manifolds and to the complex- Riemannian manifolds of constant cur- 
vature (see [18J ). Also, the space of isotropic geodesies of a complex-conformal 
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manifold is, in a natural way, a twistor space jT2] • 

A complex analytic map <p : M — > N between manifolds endowed with twisto- 
rial structures is twistorial if it maps (some of the) twistors on M to twistors on 
N (see [20] )• 

In this paper we extend the notions of almost twistorial structure and twistorial 
map, to the smooth category. We show that, in the smooth category, a twistor on 
a manifold M (endowed with a twistorial structure) is a pair (N, J) where N is a 
submanifold of M, possibly, with self-intersections, and J is a linear CR-structure 
on the normal bundle of N in M (Remark 13.21 ). These submanifolds may well 
just be points. For example, the twistor space of a four-dimensional anti-self-dual 
conformal manifold (M 4 , c) is formed of pairs (x, J x ) where x G M and J x is a 
positive orthogonal complex structure on (T X M, c x ) . Similarly, the twistor space 
Z of a three-dimensional conformal manifold (M 3 ,c) is a five-dimensional CR- 
manifold consisting of the orthogonal nontrivial CR-structures on (M 3 , c) [13j (see 
Example 13.41 and note that, if we assume (M 3 , c) real-analytic, then Z is a real 
hypersurface, endowed with the induced CR-structure, in the space of isotropic 
geodesies of the germ-unique complexification of (M 3 , c) ). 

On the other hand, the twistor space of a three-dimensional Einstein-Weyl 
space (see Example 13.51 and Theorem 13.101) is formed of pairs (7, J) where 7 is a 
geodesic and J is an orthogonal complex structure on the normal bundle of 7 . 
The natural generalizations of this example, to Riemannian manifolds of constant 
curvature, are given in [TB] . 

As in the complex category, a (smooth) map (p : M — > N between manifolds en- 
dowed with twistorial structures is twistorial if it maps twistors on M to twistors 
on N (Definition 14.11 ). It follows that twistorial maps naturally generalize holo- 
morphic maps. Examples of twistorial maps have been previously used to obtain 
constructions of Einstein and anti-self-dual manifolds (see [6] , [19] , |20j and the 
references therein). 

In Section 1, we recall a few basic facts on harmonic morphisms between Weyl 
spaces. Section 2 is preparatory for Sections 3 and 4 , where we give the defini- 
tions of almost twistorial structures and twistorial maps, on smooth manifolds. 
In Sections 3 and 4 , we also give examples of almost twistorial structures and 
twistorial maps. 

In the first part [14J of this work, we introduced the notion of harmonic mor- 
phism between (complex-) Weyl spaces and we continued the study (initiated in 
[2"U] ) of the relations between harmonic morphisms and twistorial maps. As all of 
the known examples of complex analytic almost twistorial structures have smooth 
versions, all of the main results of [H] have 'real' versions. But not all smooth 
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almost twistorial structures come from complex analytic almost twistorial struc- 
tures. The first example of such an almost twistorial structure is the almost 
twistorial structure of Eells and Salamon, mentioned above. We introduce simi- 
lar almost twistorial structures (Examples 13.71 and 16.21 ) with respect to which a 
map (between Weyl spaces of dimensions four and three) is twistorial if and only 
if it is a harmonic morphism (Theorem I6.4( i) ); this implies that there exists a 
bijective correspondence between one- dimensional foliations on (M 4 ,c, D) , which 
are locally defined by harmonic morphisms, and certain almost CR-structures on 
the bundle of positive orthogonal complex structures on (M 4 , c) . Other similar 
results are given in Section 5 . 

In Section 6 , we also give the necessary and sufficient conditions for a map 
with one-dimensional fibres from a four- dimensional Weyl space endowed with 
the almost twistorial structure of Eells and Salamon to be twistorial (Theorem 
16.61 ). It follows that, all such twistorial maps are harmonic morphisms. Also, a 
generalized monopole equation (Definition 14.10( 1) ) is naturally involved. 

I. Harmonic morphisms 

In this section all the manifolds and maps are assumed to be smooth. 

Let M m be a manifold of dimension m . If m is even then we denote by L the line 
bundle associated to the frame bundle of M m through the morphism of Lie groups 
p m : GL(m, R) — ► (0, oo) , p m (a) = |deta| 1//m , (a E GL(m, R)) ; obviously, L is 
oriented. If m is odd then we denote by L the line bundle associated to the 
frame bundle of M m through the morphism of Lie groups p m : GL(m, R) — > R* , 
Pm(a) = (deta) 1 /" 1 , (a G GL(m, R)) ; obviously, L* ®TM is an oriented vector 
bundle. We say that L is the line bundle of M m (cf. [6] ). 

Similar considerations apply to any vector bundle. 

Let <p : M — > N be a submersion and let Jif be a distribution on M, comple- 
mentary to the fibres of (p. Let L and be the line bundles of and N, 
respectively. As Lj? = (A n (^)) 2 and L* n = (A n (TN)) 2 , where n = dimN, 
the differential of (p induces a bundle map A from to L^. If n is odd then 
we also have a bundle map A from to ; obviously, A = A 2 . Furthermore, 
if n is odd, dtp and A induce a bundle map from L*^ (g) ffl to L* N <g> TN, which 
will also be denoted by dip ; note that, dp : Lj^> ® Ji? — ► ® TN is orientation 
preserving, on each fibre. 

Let c be a conformal structure on M; that is, c is a section of L 2 ® (o 2 T*M) 
which is 'positive-definite'; that is, for any positive section s 2 of L 2 we have 
c = s 2 (g) g s , where g s is a Riemannian metric on M; then g s is a representative 
of c. Therefore, c corresponds to a Riemannian metric on the vector bundle 
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L* (gi TM (see [6]). Furthermore, c corresponds to an injective vector bundle 
morphism L 2 Q 2 TM such that, at each x G M, the positive bases of L 2 are 
mapped into the cone of positive definite symmetric bilinear forms on T*M. Ob- 
viously, c also corresponds to a reduction of the frame bundle of M to CO(m, R) , 
where m = dim M; the total space of the reduction corresponding to c is formed 
of the conformal frames on (M, c) . 

If dim M is odd then local sections of L correspond to oriented local represen- 
tatives of c ; that is, (local) representatives of c , on some oriented open set of M. 
Let J$? be a distribution on M. Then c induces a conformal structure c|jf on ^ 
and, it follows that, we have an isomorphism, which depends of c, between L 2 
and L . 

Definition 1.1 (cf. |2j). Let (M,cm) and (N, cn) be conformal manifolds. A 

map p : (M, cm) - > (N, cjv) is horizontally weakly conformal if at each point 
x G M, either dtp x = or &<£x\(\terdip x ) 1 - is a conformal linear isomorphism from 
((kerd^)- 1 -, (cM^lckerd^-O onto ( T V ( X )N, {c N )^ x) ) . 

Let (M, cm) and (iV, cn) be conformal manifolds and let <p : (M, c«) — > (N, cn) 
be a horizontally conformal submersion; denote by Lm and L^v the line bundles of 
M and N, respectively. Let Jrf? = (ker dip) and denote by its line bundle. As 
L 2 j = L 2 ^ , the bundle map A defines an isomorphism from to (p*(L^) which 
is called the square dilation of ip . We have A = - c(dip, dip) , where n = dimA^ 
and c is the conformal structure on the bundle T*M <g> ip*(TN) induced by cm , 
cn and ip . Therefore, if <p is horizontally weakly conformal then A extends to a 
(smooth) section of Hom(L M , ip*(L N )) which is zero over the set of critical points 
of ip . 

If dimAf is odd, the bundle map A from L# to L N is called the oriented 
dilation of ip . Note that, dip : {L^,® J^, c \je) (L n ®TN,cn) is an orientation 
preserving isometry, on each fibre. 

Let (M, c) be a conformal manifold. A connection D on M is confomal if 
Dc = ; equivalently, D is the covariant derivation of a principal connection on 
the bundle of conformal frames on (M, c) . If D is torsion-free then it is called a 
Weyl connection and (M, c, -D) is a Weyl space. 

Definition 1.2 (cf. [2J ). (i) Let (M, c, D) be a Weyl space. A harmonic function, 
on (M, c, .D) , is a function /, (locally) defined on M, such that trace c (Dd/) = . 

(ii) A map p : (M, cm, D m ) — > (iV, Cjv, -D^) between Weyl spaces is a harmonic 
map if trace c (.Dd<^) = , where D is the connection on ip*(TN) ® T*M induced 
by D M , and <p . 

(iii) A map ip : (M, cm, D m ) — > (AT, cjy, D^) between Weyl spaces is a harmonic 
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morphism if for any harmonic function / : V — > R , on (N, Cjy, D N ) , with V an 
open set of iV such that ip^iV) is nonempty, / o tp : y3 _1 (V r ) — > R is a harmonic 
function, on (M, cm, -D a/ ) . 

Obviously, any harmonic function is a harmonic map and a harmonic mor- 
phism, if R is endowed with its conformal structure and canonical connection. 
The following result is basic for the theory of harmonic morphisms (see [13] , 

®)- 

Theorem 1.3. A map between Weyl spaces is a harmonic morphism if and only 
if it is a harmonic map which is horizontally weakly conformal. 

We end this section by recalling the fundamental equation for horizontally 
conformal submersions between Weyl spaces ( [14] ; cf . [2] ) . 

Proposition 1.4. Let (p : (M m ,CM, D M ) — > (N n ,CN, D N ) be a horizontally con- 
formal submersion between Weyl spaces; m = dimM, n = dimiV. 

Let L be the line bundle of M m and let "V = ker dip , Jfl? = i /± ; denote by D 
the Weyl connection of (M m , cjf , Y) . 

Then we have the following equality of partial connections on L m ~ n , over ' , 

(J^fD) m ~ n + trace CM ( J Dd<^) b = (J^D M ) m - 2 g> (D N y^ , 
where we have denoted by the same symbol D N and its pull-back by (p . 

2. Complex distributions 

Unless otherwise stated, all the manifolds and maps are assumed to smooth. 

Definition 2.1. A complex distribution on a manifold M is a complex subbundle 
& of T C M such that dim(J^ n W x ) , (x G M) , is constant. If & n ~& is the 
zero bundle then & is an almost CR-structure on M, and (M, an almost 
CR-manifold. 

Example 2.2. 1) Let F be an almost /-structure on a manifold M; that is, F is a 
section of End(TM) such that F 3 +F = [25] . We denote by T°M , T 1,0 M , T 0,1 M 
the eigendistributions of F c G T(End(T c M)) corresponding to the eigenvalues 
, i , — i , respectively. Then T°M © T 0,1 M is a complex distribution on M and 
T 0,1 M is an almost CR-structure on M. We say that T° M @T 0,1 M is the complex 
distribution associated to F; similarly, T 0,1 M is the almost CR-structure associ- 
ated to F. 

2) Let M be endowed with a complex distribution & and let N C M be a 
submanifold. Suppose that dim(T^Nn^ x ) and dim(T x c A^n^ r n& x ) , (x G JV) , 
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are constant. Then T C N n & is a complex distribution on N which we call the 
complex distribution induced by on N. 

In particular, if iV is a real hypersurface in the complex manifold M then 
T C N n T 0,1 M is an almost CR-structure on N. 

Next, we define the notion of holomorphic map between manifolds endowed 
with complex distributions. 

Definition 2.3. Let and be complex distributions on M and N, re- 
spectively. A map <p : (M, J^ M ) -> (AT, J^) is holomorphic if d<^(^ M ) C J^. 

A map 99 : (M, P M ) — > (AT, F w ) between manifolds endowed with /-structures 
is holomorphic if <p : (M, <F M ) -> (A/ - , J^) is holomorphic where & M and & N 
are the complex distributions, on M and A/", associated to F M and F^, respec- 
tively. 

Let P be an almost /-structure on M and J an almost complex structure on N . 
Then, a map (p : (M, P) — > (AT, J) is holomorphic if and only if d</? o F — J o dip . 

Definition 2.4. Let M be a manifold. A subbundle P of T M is integrable if 
for any sections X, F of P we have that [X, F] is a section of E . 

A CR-structure is an integrable almost CR-structure; a CR-manifold is a man- 
ifold endowed with a CR-structure. 

An almost /-structure is integrable if its associated complex distribution is 
integrable; an f -structure is an integrable almost /-structure. 

Note that a complex distribution & M on M is integrable if and only if for any 
point x G M, there exists a holomorphic submersion tp : (U, ^ M \u) (X, , 
from some open neighbourhood U of x, onto some CR-manifold (N, , such 
that ker d<p = (J^ M n ~W M ) \ v . If U = M and tp has connected fibres then & M 
is called simple; then, obviously, up to a CR-diffeomorphism, ip is unique; we call 
it the holomorphic submersion corresponding to J^ M . 

The following definition will, also, be useful in the next section. 

Definition 2.5. Let (P, J) be a complex manifold and let Q C P be a complex 
submanifold. A holomorphic distribution (on P) along Q is a holomorphic sub- 
bundle of (T 1,0 P)|q . 

Let (M, j^) be a manifold endowed with an integrable complex distribution 
such that TM = & + & . Let N C M be a submanifold on which j^" induces 
a complex distribution. A complex subbundle P of J^|jv is called a holomor- 
phic distribution (on M) along N if, for any x G N, there exists an open set 
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U C M, containing x, and a holomorphic submersion tp from (U,^\u) onto 
some complex manifold (P, J) , with ker dtp = fl ^)\u , such that y?|c/rw is a 
holomorphic submersion from U N onto a complex submanifold of (P, J) and 
°V|c/rw maps -£7|j/nJVj isomorphically on each fibre, onto a holomorphic distribu- 
tion along ip(U fl N) (that is, onto a holomorphic subbundle of P 1,0 P| v (c/niV) ); if 
N = M then we say that P is a holomorphic distribution on M. 

Let P be a /-structure on a manifold M. Obviously, T 1,0 M is a holomorphic 
distribution on M. 

Let P be a complex vector bundle over M endowed with a complex linear 

connection V (that is, V is a complex- linear map T(P) — > T (Home (T C M, P)) 

such that V(s/) = (Vs)/ + s ® d/ for any section s of P and any complex- 

c 

valued function / on M; equivalently, we have V c = V © V , with respect to the 
decomposition P c = P © P ) . 

Let it : Grfc(P) — > M be the bundle of complex vector subspaces of complex 
dimension k of P; we shall denote by Jtf? (C. T(Gr fc (P))) the connection induced 
by V on Gr fc (P) . Note that, as Gr fe (P) is a bundle whose typical fibre is a complex 
manifold and its structural group a complex Lie group acting holomorphically on 
the fibre, we have (kerd7r) c = (kerdvr) 1 ' © (kerd7r) 0,1 . 

The following result, which we do not imagine to be new, will be useful later 
on. We omit the proof. 

Proposition 2.6. Let p be a section of Gr^(P) (equivalently, p is a complex 
vector subbundle of complex rank k of E ). Let X e T^M for some xq G M; 
denote by p Q = p(xq) . 

(a) The following assertions are equivalent: 

(i) (dp) c (X)G<. 

(ii) V^s G Pq for any section s of p c . 

(b) The following assertions are equivalent: 

(iii) (d P ) c (X)G^©(kerd7r)^. 

(iv) Vx s G po for any section s of p. 

Note that, if X is real (that is, X G TM) then the assertions (i) , . . . , (iv) , of 
Proposition 12.61 . are equivalent. 

3. Almost twistorial structures 

In this section, we define, in the smooth category, the notion of (almost) twisto- 
rial structure. 
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Definition 3.1 (cf. [2T] , [20] ). An almost twistorial structure, on a manifold M, 
is a quadruple r = (P, M, 7T, J^~) where 7T : P — ► M is a locally trivial fibre space 
and J? is a complex distribution on P which induces almost complex structures on 
each fibre of n ; if & is induced by an almost /-structure P then, also, (P, M, 7r, P) 
is called an almost twistorial structure. 

The almost twistorial structure r = (P, M, tt, is integrable if ^ is integrable. 
A twistorial structure is an integrable almost twistorial structure; the leaf space 
of & fl & is called the twistor space of r. 

A twistorial structure r = (P, M, 7r, J^") is called simple if is simple; if r 
is simple with ip : (P, J^) — > Z the corresponding holomorphic submersion then 
d<^(J^~) is a CR-structure on Z. 

Remark 3.2. Let r = (P, M, tc, JP) be a twistorial structure and let Z be its 
twistor space. Each z G Z determines a pair (N z , J z ) where N z is a submanifold 
of M, possibly, with self-intersections, and J z is a linear CR-structure on the 
normal bundle of N z . 

Indeed, let N z = ip~ l (z) , where <p : P — > Z is the (continuous) projection 
whose fibres are the leaves of & fl Then 7r|jv z : — > M is an immersion. 
Also, let (kerd7r) 0,1 = & fl (ker d7r) c . Then the restriction to of the quotient 
of J*" through TN Z © (kerd7r) 0,1 defines a linear CR-structure J 2 on the normal 
bundle (n\ Nz )*(TM)/TN z of N z in M. 

Now, we formulate the examples of almost twistorial structures with which we 
shall work. 

Example 3.3. If & is a complex distribution on M then (M, M, Mm, is an 
almost twistorial structure. 

In particular, let (M 2 ,c) be a two-dimensional oriented conformal manifold. 
Then, as the identity component of CO(2,R) is isomorphic to C*, there exists 
a unique (almost) Hermitian structure J on (M 2 ,c) such that if X e TM then 
(X, JX) is a positively oriented frame on M 2 ; then (M, M, Id, J) is a twistorial 
structure. Similarly, any oriented vector bundle of (real) rank two, endowed with 
a conformal structure, is a complex line bundle. 

Example 3.4 ( [12J ). Let (M m , c) be a conformal manifold of dimension m > 2 . 
Let 7r : P — » M be the bundle of null direction on M m . Obviously, P is a 
bundle with typical fibre Q m -2 and structural group PCO(m,C) where Q m -2 is 
the nondegenerate hyperquadric in CP™" 1 ; in particular, dimP = 3m — 4 . 

Endow (M m , c) with a Weyl connection D and let Jif C TP be the connection 
induced by D on P. We denote by J^ 51,0 the subbundle of JiC c such that, at 
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each p G P, the subspace J^ 1,0 C is the horizontal lift of p C T n ( p )M. Then 
& = (kerdTr) 1 ' © Jif 1,0 is a CR-structure on P. Moreover, & does not depend 
of D. 

Then r = (P, M, ir, is a twistorial structure on M m . If (M m , c) is real 
analytic then, locally, P is a (real) submanifold of the space of null geodesies Af 
of the complexification of (M m , c) ; moreover, the CR-structure & of P is induced 
by the complex structure of H . 

Note that, if m = 2 then P is a Z 2 -covering space of M 2 which is trivial if and 
only if M 2 is oriented. Assuming M 2 oriented we obtain that T 1,0 P restricted to 
one of the components of P defines the Hermitian structure of Example 13.31 . 

Example 3.5 ( [TU] , )• Let (M 3 ,c, D) be a three-dimensional Weyl space. 
Let 7r : P — > M be the bundle of nonzero skew-adjoint /-structures on (M 3 , c) . 
Obviously, P is also the bundle of nonzero skew-adjoint /-structures on the ori- 
ented Riemannian bundle (L*®TM, c) . Therefore, P is isomorphic to the sphere 
bundle of (L* © TM, c) . In particular, the typical fibre and the structural group 
of P are CP 1 and PGL(2, C ) , respectively. 

We could also define P as follows: firstly, note that, there exists a unique 
oriented Riemannian structure, on the vector bundle E of skew-adjoint endomor- 
phisms on (M, c) , with respect to which [A, B] = Ax B , for any A,B G E ; then 
P is the sphere bundle of E . 

The bundle P is also isomorphic with the bundle of oriented two-dimensional 
subspaces on M 3 . Therefore, there exists a bijective correspondence between 
one-dimensional foliations on M 3 , with oriented orthogonal complement, and 
almost /-structures on (M 3 ,c). Furthermore, under this bijection, conformal 
one-dimensional foliations correspond to (integrable) /-structures. 

Let k be a section of L*. We define a conformal connection connection V on 
(M, c) by V X Y = D X Y + | kX x Y for any vector fields X and K on M. We say 
that V is the connection associated to D and k. 

Let C TP be the connection induced by V on P. We denote by M' , Ji? 1,0 
the subbundles of such that, at each p G P, the subspaces , ^, 1,0 C 
are the horizontal lifts of the eigenspaces of p c G End(TSp\M) corresponding to 
the eigenvalues , i , respectively. 

We define the almost /-structure on P with respect to which T°P = 
and T 1,0 P = (kerdTr) 1 ' © ^f 1 - . Then r = (P,M,tt, J 7 ) is an almost twistorial 
structure on M. 

Remark 3.6. Let (M 3 , c) be a three-dimensional conformal manifold. Let 7r : 
P — > M be the bundle of nonzero skew-adjoint /-structures on (M 3 , c) . 
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Let D be a Weyl connection on (M 3 ,c) and let V be a conformal connection 
on (M 3 ,c) . The following assertions are equivalent: 

(i) V and D induce, by applying the construction of Example 13.51 (with ^ 
the connection on P induced by V and D , respectively), the same almost /- 
structure on P. 

(ii) V and D are projectively equivalent. 

(iii) There exists a section k of L* such that V is the connection associated 
to D and k . 

Example 3.7 (cf. [8] ). Under the same hypotheses as in Example 13.51 . we define 
the almost /-structure T 1 on P with respect to which we have T°P = J?^ and 
T 1,0 P = (kerdvr) ' 1 © Then r' = (P, M, 7r, J 7 ') is an almost twistorial 

structure on M. 

Example 3.8 ( [lj ). Let (M 4 ,c, D) be a four-dimensional oriented Weyl space. 
Let vr : P — > M be the bundle of positive orthogonal complex structures on 
(M 4 , c) . Obviously, P is also the bundle of positive orthogonal complex structures 
on the oriented Riemannian bundle (L* ®TM, c) . Let E be the adjoint bundle of 
(L* ©TM, c) and let * c be the involution of E induced by the Hodge star-operator 
of (L* ® M 4 , c) , under the isomorphism E = A 2 {L ® T*M) . Then P = P + © P_ 
where P± is the vector bundle, of rank three, formed of the eigenvectors of * c 
corresponding to the eigenvalue ±1 . There exists a unique oriented Riemannian 
structure < •, • > on E± with respect to which AB = — < A, B > Id^M ± A x B 
for any A, B G P± . It follows that P is the sphere bundle of E + . 

Similarly to Example 13.51 . there exists a bijective correspondence between two- 
dimensional distributions & on M 4 , with oriented orthogonal complement, and 
pairs (J, K) of almost Hermitian structures on (M 4 , c) , with J positive and K 
negative, such that J\^± = K\^± . 

Let J4? C TP be the connection induced by D on P. We denote by J^ 5 1,0 
the subbundle of Jif c such that, at each p e P, the subspace e ^, 1,0 C is 
the horizontal lift of the eigenspace of p c G End(TS p JVf) corresponding to the 
eigenvalue i . We define the almost complex structure J on P with respect to 
which T 1,0 P = (kerdTr) 1 - © 1 >° . Then (P,M,ir,J) is an almost twistorial 
structure on M. 

Example 3.9 ( [8J ). Let (M 4 ,c, D) be a four-dimensional oriented Weyl space. 
With the same notations as in Example 13.81 let J' be the almost complex 
structure on P with respect to which T 1,0 P = (kerdvr) 0,1 © Then r' = 

(P, M, ii, J') is an almost twistorial structure on M. 
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Next, we recall the necessary and sufficient conditions for the integrability of 



the almost twistorial structures of Examples 13.51 and 13.81 . 



Theorem 3.10 ( \±0\ , [9] ). Let (M 3 , c, D) be a three-dimensional Weyl space and 
let k be a section of the dual of the line bundle of N 3 . Let r = (P, M, tt, T) be 
the almost twistorial structure of Example \3.5\ . Let TP) be the connection 

induced by V on P. 

Then t depends only of (M 3 , c, D) whilst T 1,0 P depends only of (M 3 , c) . More- 
over, t is integrable if and only if (M 3 , c, D) is Einstein- Weyl. 

Furthermore, if(M 3 ,c,D) is Einstein-Weyl then we have the following. 

(i) J^ 1 ' restricted to any fibre P x = CP 1 of P is a holomorphic distribution, 
along P x , isomorphic to 0(2) , (x G M) . 

(ii) Locally, the following four assertions are equivalent: 
(hi) Jt? 1,0 is a holomorphic distribution on P. 

(112) J$f is integrable. 

(113) The connection induced by V on L* <g> TM is flat. 

(114) The scalar curvature s D of D satisfies s D = \k 2 , and * c Dk = F D 
where F D is the curvature form of the connection induced by D on L . 

Theorem 3.11 ( pQ , see [7] ). Let (M 4 , c, D) be a four- dimensional oriented Weyl 
space and let t = (P, M, n, J) be the almost twistorial structure of Example \3.8\ . 
Let Jif (C TP) be the connection induced by D on P. 

Then r depends only o/(M 4 , c) . Moreover, r is integrable if and only if (M 4 , c) 
is anti- self- dual. 

Furthermore, if (M 4 , c) is anti- self- dual then we have the following. 

(i) Jif 1,0 restricted to any fibre P x = CP 1 of P is a holomorphic distribution, 
along P x , isomorphic to 0(1) © 0{1) , (x G M) . 

(ii) J^ 1 ' is a holomorphic distribution on P if and only if, locally, either D 
is the Levi-Civita connection of an Einstein representative of c or D is the Obata 
connection of a hyper- Hermitian structure on (M 4 , c) . 

Remark 3.12. 1) Let (M 3 ,c,D) be a three-dimensional Weyl space and let k 
be a section of L*, where L is the line bundle of iV 3 . Let T 1,0 P be defined as in 
Example 13.51 . 

Then by associating to any p G P the eigenspace corresponding to — i we can 
identify P with the bundle of null directions on (iV 3 , c) . Furthermore, under this 
isomorphism, T 1,0 P corresponds to the CR-structure of Example 13.41 . associated 
to (iV 3 , c) . Conversely, any conformal connection on (N 3 , c) having this property 
is the connection associated to a Weyl connection on (iV 3 , c) and a section of L*. 

2) Let (M 3 , c) be a three-dimensional conformal manifold and let D be a Weyl 
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connection on (M 3 , c) . Also, let k be a section of the dual of the line bundle 
L of M 3 . Then the almost twistorial structure r' of Example 13.71 . associated to 
(M 3 , c, D, k) is nonintegrable; that is, always not integrable (cf. |8J ; apply the 
integrability result proved in [IB] to show that r' is nonintegrable). Furthermore, 
if Di is another Weyl connection on (M 3 , c) and ki a section of L* such that the 
almost twistorial of Example 13.71 . associated to (M 3 , c, Di, ki) , is equal to t' then 
D = Di and k = k\ . 

3) Let (M 4 , c) be a four-dimensional oriented conformal manifold and let D be 
a Weyl connection on (M 4 , c) . Then the almost twistorial structure r' of Example 
13.91 . associated to (M 4 , c, P) is nonintegrable (cf. [8] ; apply the integrability result 
proved in [18] to show that r' is nonintegrable). Furthermore, if D\ is another 
Weyl connection on (M 4 , c) such that the almost twistorial structure of Example 
13.91 . associated to (M 4 , c, D\) , is equal to t' then D = D\. 

4. Twistorial maps 

We start this section with the definition of twistorial maps (cf. (21] , [20] )■ 

Definition 4.1. Let r A/ = (P M , M,tt m , and = (Pat, iV, 7Tat, & n ) be al- 
most twistorial structures and let (p : M — > AT be a map. Suppose that there 
exists a locally trivial fibre subspace ttm,^ '■ Pm,<p ~ y M of tt m : P M — > M and a 
map : Pm,v? - ► P/v with the properties: 

1) j^~ M induces a complex distribution <fi M ^ on P/v/^ and almost complex 
structures on each fibre of n M)tp such that diTM^^ 1 ) = &KM,tp{&£ I ' tp ) , for any 

p e Pm,^> • 

2) ipo TT M>ip = n N o&. 

Then : (M, r^f) — > (N, t^) is a twistorial map (with respect to <P) if the map 
: (P M ,tp, ^ M ' lp ) -> (Pv, J^) is holomorphic. If J^'^ and are simple com- 
plex distributions, with (Pm !¥ >, JP M,,p ) — > and (P/v, J^) — > Z^v, respectively, 
the corresponding holomorphic submersions onto CR-manifolds, then <P induces 
a holomorphic map Z v : Zm,^ — > Zn which is called the twistorial representation 
of <p . 

Remark 4.2. With the same notations as in Definition [3J], we have that tm, v = 
ftM,tpi ^ M,v ) is an almost twistorial structure on M. Obviously, TM,ip 
is integrable if tm is integrable. Then from (1) it follows that the twistor space 
Zm,ip of tm, v is a topological subspace of the twistor space Zm of tm- Moreover, 
for any z G Zm,^ the pair (N z , J z ) of Remark 13.21 applied to Tm,<p is equal to the 
pair determined by point of Z M . 

If r M is simple then t m ^ is also simple and Z M ^ is a submanifold of Z M . 



14 



E. LOUBEAU AND R. PANTILIE 



Moreover, if we denote by Cm and Cm,? the CR-structures of Zm and Zm, v , 
respectively, then C M ,y? = Cm H T c Z M:V , ■ 

Next, we give examples of twistorial maps between manifolds endowed with 
the almost twistorial structures of Examples 13. 31 . 1331 or 13.81 . 

Example 4.3. Let (M 2 , cm) and (iV 2 , cjv) be two-dimensional oriented conformal 
manifolds. Let r M = (M, M, Id M , J M ) and t n = (N, N, ld N , J N ) be the twistorial 
structures of Example 13.31 associated to (M 2 ,cm) and (N 2 ,cn) , respectively. 

Let <p : M 2 — > N 2 be a map. Obviously, <p : (M 2 ,r M ) — > {N 2 ,t n ) is twistorial 
(with respect to <£>) if and only if 9? : (M 2 , J M ) — > (A^ 2 , J^) is holomorphic. 

The following three examples are, essentially, due to [TU] , [2T] . 

Example 4.4. Let (M 3 ,c,D) be a three-dimensional Weyl space and let iV 1 be 
a (connected) one-dimensional submanifold of M 3 such that TN 1 - is orientable. 

Let tm = (P, M, 7r, .T 7 ) be the almost twistorial structure of Example 13.51 . as- 
sociated to (M 3 ,c, D) . Also, endow A^ 1 with the trivial /-structure and let 
ttv = (N, N, Idjv, 0) be the twistorial structure given by (A^O) , as in Example 

EJ. 

Let pn be the section of P 5 over A^ 1 such that, (pn)x\t x n = , for any x G N. 
The following assertions are equivalent: 

(i) (A^tat) <^-> (M 3 ,ta/) is twistorial (with respect to pat)- 

(ii) A^ 1 is a geodesic of D . 

Example 4.5. Let (M 3 ,c,D) be a three-dimensional Weyl space and let A^ 2 be 
an oriented surface in M 3 . Let tm = (P, M, tt, T) be the almost twistorial struc- 
ture of Example 13.51 . associated to (M 3 , c, D) , and let = (N, N, Mat, J) be the 
twistorial structure of Example 13.31 . associated to (N 2 ,c\n) . 

Let pn be the section of P 5 over A^ 2 such that, (pn)x\t x n = Jx , for any x G N. 

The following assertions are equivalent: 

(i) (N 2 ,tn) > (M 3 ,tm) is twistorial (with respect to p^). 

(ii) pn '■ (N 2 , J) — > (P 5 , J 7 ) is holomorphic. 

(iii) A^ 2 is a totally umbilical submanifold of (M 3 , c) . 

It follows that the equivalence (i) (iii) also holds for a surface in a confor- 
mal manifold endowed with the twistorial structure of Example 13.41 . 

Example 4.6. Let (M 3 , cm, D) be a three-dimensional Weyl space and let (A^ 2 , cat) 
be a two-dimensional oriented conformal manifold. Let tm — (P M, it, T) be the 
almost twistorial structure of Example 13.51 . associated to (M 3 ,cm,D), and let 
Tat = (N, N, Mat, J) be the twistorial structure of Example 13.31 . associated to 
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(N\c N ). 

Let if : M 3 — > N 2 be a submersion and let F v be the almost /-structure on 
(M 3 ,c) determined by kerd^ and the orientation of A^ 2 (see Example 13.51 ). De- 
fine $ = ip o p^ 1 : p^M) — > N where p v is the section of P corresponding to 
F^. Note that, p v restricted to any fibre tp~ l (y) is equal to p ip -^( y ) of Example 

EE ( y e <f(M) ) . 

The following assertions are equivalent: 

(i) if : (M 3 ,r M ) — > (N 2 ,t n ) is twistorial (with respect to <P). 

(ii) p v : (M 3 ,P^) (P 5 , J 7 ) is holomorphic and y> : (M 3 ,c M ) -> (iV 2 ,^) is 
horizontally conformal. 

(iii) The fibres of <P are tangent to the connection induced by D on P 5 and 
if : (M 3 ,cm) — > (iV 2 ,Cjv) is horizontally conformal. 

(iv) </? : (M 3 , Cm, D) — > (N 2 , cjy) is a horizontally conformal submersion with 
geodesic fibres. 

Example 4.7 ( [8 J ). Let (M 4 , c) be a four- dimensional oriented conformal man- 
ifold and let A^ 2 be an oriented surface in M 4 . Let tm — (P M, it, J) be 
the almost twistorial structure of Example 13.81 . associated to (M 4 , c) , and let 
ttv = (N, N, Idjv, J) be the twistorial structure of Example 13.31 . associated to 
(N 2 ,c\ N ). 

Let pn be the section of P 6 over A^ 2 such that (pn)x\t x n — Jx , for any x E N. 
The following assertions are equivalent: 

(i) (N 2 ,tn) (M a ,t m ) is twistorial (with respect to p^). 

(ii) p N : (A^ 2 , J) — > (P 6 , J") is holomorphic. 

If we endow M 4 with the opposite orientation then Example 13.81 gives another 
almost twistorial structure r M = (P, M, n, J) . 
The following assertions are equivalent: 

(a) (N 2 ,r N ) <-> (M 4 ,r M ) and (N 2 ,t n ) <^-> (M 4 ,r M ) are twistorial. 

(b) iV 2 is a totally umbilical submanifold of (M 4 , c) . 

Example 4.8 ([23]). Let (M 4 ,cm) and (N 2 ,cn) be oriented conformal man- 
ifolds of dimensions four and two, respectively. Let tm = (P, M, ir, J) be the 
almost twistorial structure of Example 13.81 . associated to (M 4 , cm) , and let 
ttv = (N, N, ldN, J) De the twistorial structure of Example 13.31 . associated to 
(N 2 ,c N ). 

Let <p : M 4 — > N 2 be a submersion and let J v be the positive almost Hermit- 
ian structure on (M 4 ,cm) determined by kerdf and the orientation of A^ 2 (see 
Example 13.81 ). Define <& = if o p^" 1 : p v (M) — > N where p^ is the section of 
P corresponding to J v . Note that, p v restricted to any fibre v 3_1 (y) is equal to 
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p<p-i( y ) of Example ED, (y G <p{M) ) . 
The following assertions are equivalent: 

(i) ip : (M ,tm) — > (N 2 ,tn) is twistorial (with respect to 

(ii) : (M 4 , J v ) -> (P 6 ,.7) is holomorphic and ip : (M 4 ,c M ) -> (N 2 ,c N ) is 
horizontally conformal. 

(iii) <y? : (M 4 ,Ca/) — > (N 2 ,Cn) is horizontally conformal and its fibres are 
twistorial, in the sense of Example 14.71 . 

(iv) is integrable and ip : (M 4 , c/w) — > (iV 2 , c/v) is horizontally conformal. 

Example 4.9 ( [10J , [6 J ). Let (M 4 , cm) be a four-dimensional oriented conformal 
manifold and let (iV 3 , cn, D n ) be a three-dimensional Weyl space. Let tm = 
(Pm, M, tim, J) be the almost twistorial structure of Example 13.81 . associated 
to (M 4 , cm) , and let = (Pn, N,ttn, J 7 ) be the almost twistorial structure of 
Example 13.51 . associated to (N 3 ,cn,D n ) . 

Let ip : M 4 — > iV 3 be a submersion. Let ^ = kerd<^ and J^ 7 = l^ -1 . Then the 
orientation of M 4 corresponds to an isomorphism, which depends of Cm , between 
'f and the line bundle of . Therefore ("V*®^ , c|jf) is an oriented Riemannian 
vector bundle. We define <P : Pm —* Pn by 

*(p) = p^4ct <M^* ®pOO) , 

where {V^} is any basis of "K M ( P ) and {V*} its dual basis, (p G Pm) . 

Let J-* be the 7^-valued two-form on defined by I*{X,Y) = -Y[X,Y} , 
for any sections X and K of Jf. Then is a horizontal one-form on M 4 , 

where is the Hodge star-operator of ("3^* (g> ^f, c\&) . Denote by D + the 
Weyl connection on (M 4 , ca/) defined by D + = D + *jt?I where .D is the Weyl 
connection of (M 4 , c M , V) (see |I4J). 

The following assertions are equivalent: 

(i) ip : (M 4 ,tm) —* (N 3 ,r N ) is twistorial (with respect to 

(ii) ip : (M 4 ,c A f) -> (A^ 3 ,cjv) is horizontally-conformal and ip*(D N ) = JfD + 
as partial connections on Jtf, over J^ 3 . 

Let ip : (M 4 ,cm) - ► N 3 be a submersion from a four- dimensional oriented 
conformal manifold to a three-dimensional manifold. Let L be the line bundle 
of N 3 . As the orientation of M 4 corresponds to an isomorphism between V and 
(p*(L) , the pull-back by ip of any section of L* is a (vertical) one-form on M 4 . 
Similarly, if P is a vector bundle over N 3 , the pull-back by ip of any section of 
L* ® P is a v?*(i?)- valued one-form on M 4 . 

Next, we recall the following definitions (see [20] and the references therein). 
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Definition 4.10. Let P be a principal bundle on N 3 endowed with a (principal) 
connection V and let A be a section of L* ® AdP . 

1) Let N 3 be endowed with a conformal structure cn and a Weyl connection 
D N . The pair (A, T) is called a monopole on (N 3 , c^, D n ) if 

R = * N (D N ®V){A) 

where R is the curvature form of V and V is (the covariant derivative of) the 
connection induced by V on AdP. 

2) Let (M 4 , cm) be a four- dimensional oriented conformal manifold and let 
(p : M 4 — > N 3 be a submersion. The connection T on <p*(P) defined by 

f = <p'(T) + <p'(A) 
is called the pull-back by (p of (A, T) . 

Next, we prove the following (cf. [20] and the references therein): 

Proposition 4.11. Let (M 4 , cm) be a four- dimensional oriented conformal mani- 
fold and let (N 3 , cn, D n ) be a three-dimensional Weyl space; denote by tm and 
the almost twistorial structures of Examples \3. 8\ and VS. 51 . associated to (M 4 ,cm) 
and (N 3 , cjv, D N ) , respectively. 

Let P be a principal bundle over N 3 endowed with a connection V and let A 
be a nowhere zero section of L* ® AdP . Also, let : (M 4 ,cju) — > (N 3 ,cn) be a 
surjective horizontally conformal submersion with connected fibres. 

Then any two of the following assertions imply the third: 

(i) <p : (M 4 ,r M ) — > (N 3 ,t n ) is twistorial. 

(ii) (A, T) is a monopole on (N 3 , cn, D n ) . 

(iii) T is anti- self- dual. 

Proof. Let R be the curvature form of T. A straightforward calculation shows 
that, up to an anti-self-dual term, the following equality holds 

(4.1) R = ip*(R)+ip*((D N ®V)(A)) + (<p*(D N ) A<p*(A) 

where we have used the isomorphism A 2 (T*M) = A 2 (ip*(T*N)) © (<p*{TN)®y*) , 
induced by cm ■ The proof follows. □ 

Remark 4.12. The fact that (14.11) holds, up to an anti-self-dual term, does not 
require (p be horizontally conformal; moreover, this relation characterizes M'D^ 
among the partial connections on "V , over '. 

It follows that a submersion from a four-dimensional oriented conformal man- 
ifold to a three-dimensional Weyl space is twistorial, as in Example "JD , if and 
only if it pulls-back any (local) monopole to an anti- self- dual connection; the 'only 
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if part is essentially due to [20] whilst the 'if part is an immediate consequence 
of Proposition 14.111 (see also [20] and the references therein). 

5. TWISTORIAL MAPS AND HARMONIC MORPHISMS 



We start this section by recalling, from [T4] , the relations between harmonic 
morphisms and the twistorial maps of Examples 14.31 . 14.61 . 14.81 and 14.91 . Firstly, 
any map between two-dimensional orientable conformal manifolds is a harmonic 
morphism if and only if, with respect to suitable orientations, it is a twistorial 
map. 

Proposition 5.1 ( [14J ). Let (M m ,c M ,D M ) and (N n ,c N ,D N ) be Weyl spaces of 
dimensions m and n , respectively, where (m, n) G {(3, 2), (4, 2), (4, 3)} . If m (n) 
is even then M m (N n ) is assumed to be oriented. Endow M m and N n , according 
to their dimensions, with the almost twistorial structures r M and r N , respectively, 
of Examples 1 3. 3\ . \3. 5\ or \3.8\ . Let (p : M m — > N n be a submersion. 

(i) If (m, n) = (3, 2) then the following assertions are equivalent: 

(11) ip : (M 3 , c^, D n ) — > (N 2 ,c^, D N ) is a harmonic morphism. 

(12) ip : (M 3 ,t m ) — > (N 2 ,r N ) is a twistorial map. 

(ii) If (m, n) = (4, 2) then the following assertions are equivalent: 

(111) (p : (M 4 , cat, D ) — > (N 2 ,cn,D n ) is a harmonic morphism and if : 
(M 4 ,tm) — > (N 2 ,tn) is a twistorial map. 

(112) ip : (M 4 ,cm) — » (N 2 ,cn) is horizontally conformal and the fibres of <P 
are tangent to the connection induced by D AI on Pm- 

(iii) // (m, n) = (4, 3) then any two of the following assertions imply the third: 

(1111) ip : (M a ,cn, D N ) —± (N 3 ,cn,D n ) is a harmonic morphism. 

(1112) ip : (M 4 ,tm) — > (N 3 ,tn) is a twistorial map. 

(1113) The fibres of <P are tangent to the connection induced by D on Pm- 

Next we discuss twistorial maps between manifolds endowed with the almost 
twistorial structures of Examples 13.31 . 13~71 or 13.91 . The notations are as in Section 

a. 

The following proposition is essentially due to |8j ; its proof is similar to the 
proofs of Propositions 15.31 and 15.41 . 

Proposition 5.2. Let (M m ,c,D) be a Weyl space, m = 3,4, and let k be a 
section of the dual of the line bundle of M m ; if m — 4 assume M 4 oriented and 



k = . Let t' m be the almost twistorial structure on M m given by Examples 3. 7 
or \3.{A according to m = 3 or m = 4 , respectively. 

Let N 2 be an oriented surface in M m . Let t n be the twistorial structure of 
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Example \3.S\ . associated to (N 2 ,c\n) . 
The following assertions are equivalent: 

(i) (N 2 ,tn) — > (M m ,r M ) is twistorial (with respect top?q). 

(ii) N 2 is a minimal surface in (M m , c, D) and k\jy = . 

Let ip : (M 3 , c) — > N 2 be a submersion from a three-dimensional conformal 
manifold to an oriented two-dimensional manifold. Let 'f = ker dtp and Jif = ^ /_L . 
From the fact that N 2 is oriented it follows that c induces an isomorphism between 
"V and the line bundle of M 3 . 

Let B^' D be the second fundamental form of M 3 , with respect to D , and let 
1^ be the integrability tensor of Jf . We shall denote by the Hodge star 
operator of (J^ 5 , cm\j?) ■ 

Proposition 5.3. Let (M 3 ,cm,D) be a three-dimensional Weyl space and let k 
be a section of the dual of the line bundle of M 3 . Let t' m be the almost twistorial 
structure of Example \3. % associated to (M 3 ,CM,D,k) ; denote by V the connec- 
tion associated to D and k . 

Let (N 2 , Cat) be a two-dimensional oriented conformal manifold. Let be the 
twistorial structure of Example \S.S\ , associated to (N 2 ,cn) . 

Let tp : M 3 — > N 2 be a submersion. The following assertions are equivalent: 

(i) tp : (M 3 , t' m ) — » (N 2 , r N ) is a twistorial map. 

(ii) ip : (M 3 , cm) {N 2 , c^) is horizontally conformal, D is the Weyl con- 
nection of (M 3 , cm, "P) and * ^=1'^ = k . 

(iii) p : (M 3 ,cm,D) — > (N 2 ,cn) is a harmonic morphism, = k and 
tmce CM (B^' D ) =0. 

(iv) ip : (M 3 ,cm) — * {N 2 ,cn) is a horizontally conformal submersion and 
trace CM (VF^) = 0, trace CM (S jr '- D ) = . 

Proof. Let p^ be the section of P corresponding to where t' m = (P, M, it, J 7 ') 
(see Example 14.61 ). Then condition (1) of Definition 14.11 is satisfied by p> , with 
respect to <P = p o p^ 1 , if and only if dime {<^p ( x ) ^ d^vC^pM)) = 2 , for all 
x G M, where is the direct sum of the eigenbundles of T' corresponding to 
and — i . Equivalently, condition (1) of Definition 14.11 is satisfied by p> , with 
respect to <P , if and only if p v : (M 3 , F^) — > (P 5 , J 7 ') is holomorphic. 

It follows that assertion (i) holds if and only if p v : (M 3 ,F V ) — > (P 5 ,^') and 
ip : [M 3 ,F ip ) —>■ (N 2 ,J N ) are holomorphic where J N is the positive Hermitian 
structure on (A^ 2 ,cat). The latter condition is equivalent to <p : (M 3 ,cm) —* 
(N 2 , c^) horizontally conformal. 

We can find local representatives g = U QU + 2Y Y of cm such that U and Y 
(locally) generate the eigenbundles of F^ corresponding to and — i , respectively; 
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in particular, d(p(U) = . Hence, under the identification of P with the bundle 
of two-dimensional degenerate spaces on (M 3 , cm) , the section p v corresponds to 
the distribution (locally) generated by U and Y. 

From Proposition 12.61 it follows that p v : (M 3 ,^) — > (P 5 ,JF') is holomorphic 
if and only if g(DjjU, Y) — and g(DyU, Y) — . Thus, after a straightforward 
calculation we obtain that p v : (M, F^) — > (P, JF' ) is holomorphic if and only if 
*j^I J ^ f = k , trace CM (P^' D ) = and the fibres of ip are geodesies of D . 

Thus, we have proved that (i) -<=/• (ii) (iii) . 

Also, if if : (M 3 ,cm) — > {N 2 ,cn) is horizontally conformal then we have 
trace CM (VF ¥ ') = if and only if *j?I J * f = k and the fibres of <f are geodesies 
of D . Hence, (iii) -<=>- (iv) . □ 

Also, we have the following result. 

Proposition 5.4. Let (M 4 , cm, D) be a four- dimensional oriented Weyl space. 
Let t' m be the almost twistorial structure of Example \3.9\ . associated to (M 4 , cm, D) 

Let (N 2 ,cn) be a two-dimensional oriented conformal manifold. Let be the 
twistorial structure of Example \3.3\ . associated to (N 2 ,cn) . 

Let ip : M 4 — > N 2 be a submersion. The following assertions are equivalent: 

(i) if : (M 4 ,t' m ) — > (N 2 ,tn) is a twistorial map. 

(ii) f : (M 4 ,Cm) — ► (N 2 ,Cn) is horizontally conformal and D is the Weyl 
conn ection of (M 4 , c M , J v ) ■ 

(iii) f> : (M 4 ,cm,D) — > (N 2 ,cn) is a harmonic morphism and we have 
trace CM (P^) = jn*^). 

Proof. Let p^ be the section of P corresponding to J v where r' M = (P, M, ir, J') 
(see Example 14.81 ). Similarly to the proof of Proposition 15.41 . assertion (i) holds if 
and only if p v : (M 4 , J^) -> (P 6 , J') is holomorphic and <p : (M 4 , c M ) -> (iV 2 , c N ) 
is horizontally conformal. It follows that (i) (ii) . 

We can find local representatives g — 2(U © U + Y QYj of cm such that U 
and Y (locally) generate the eigenbundle of J v corresponding — i and such that U 
and U are vertical. Hence, under the identification of P with the bundle of self- 
dual spaces on (M 4 , cm) , the section p v corresponds to the distribution (locally) 
generated by U and Y. 

From Proposition 12.61 it follows that p^ : (M 4 , J v ) — > (P 6 ,J7"') is holomorphic 
if and only if #(P F f/, Y) = and (/(DpY", ^) = ■ Now > tfCV, K) = if and 
only if the fibres of <p are minimal with respect to D whilst g(DyY, U) = if and 
only if trace CM (P^' D ) = J v (* J r/ jr ) . Hence, (i) (iii) . □ 



HARMONIC MORPHISMS AND TWISTORIAL MAPS 



21 



6. Harmonic morphisms and twistorial maps between Weyl spaces 

OF DIMENSIONS four and three 

We start this section by introducing a generalization of the almost twistorial 
structure of Example 13.71 . 

Example 6.1. Let (M 3 ,c) be a three-dimensional conformal manifold endowed 
with two Weyl connections D' and D". Let k be a section of L* and let V be the 
connection associated to D" and k. 

Let 7r : P — > M be the bundle of nonzero skew-adjoint /-structures on (M 3 , c) . 
We denote by the subbundle of T C P such that, at each p G P, the subspace 
Jifp C TjpP is the horizontal lift, with respect to D', of the eigenspace of p c G 
End(TSpsM) corresponding to the eigenvalue . Also, we denote by ^ 1,0 the 
subbundle of T C P such that, at each p G P, the subspace ^, 1,0 C T^P is 
the horizontal lift, with respect to V, of the eigenspace of p c G End(TSpJW) 
corresponding to the eigenvalue i . 

We define the almost /-structure T" on P with respect to which T°P = J$f° 
and r 1>0 P = (kerdvr) ' 1 © Jff 1 ' . Then r" = (P,M,ir, T") is a nonintegrable 
almost twistorial structure on M (the nonintegrability of r" follows easily from 
the proof of the integrability result presented in [TH] ). 

The results of Section[5], which involve the almost twistorial structure of Exam- 
ple 13.71 . can be easily generalized by working, instead, with the almost twistorial 
structure of Example 16.11 . In Theorem 16.61 . below, we shall see that this general- 
ization is significant when working with maps between Weyl spaces of dimensions 
four and three. 

We shall also need the following. 

Example 6.2. Let (M 4 , c, D) be a four- dimensional oriented Weyl space. Let 
7r : P — > M be the bundle of positive orthogonal complex structures on (M 4 , c) . 

Let ip : M 4 — > N 3 be a submersion; denote by "V = kerdip and = Y- 1 . 
For any p G P let l' p and 1% be the lines in T^,~M spanned by V — ip(V) and 
X — ip(X) , respectively, for any V G "K(p) an d X G p("K( P ))~ L H J^{p)- 

We define the almost CR-structure on P which, at each p G P, is the direct 
sum of (ker dnp) ' 1 and the horizontal lift, with respect to D , of I' . 

Similarly, we define the almost CR-structure ^ on P which, at each p G P, is 
the direct sum of (kerdTTp) ' 1 and the horizontal lift, with respect to D , of I" . 

Then = (P, M, 7r, ff') and r'' = (P, M, ir, c tf^) are nonintegrable almost 
twistorial structures on M 4 (the nonintegrability of t' and t" follows easily from 
the proof of the integrability result presented in p2] ). 
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Remark 6.3. Let (N 3 ,cn) be a three-dimensional conformal manifold. At least 
locally, we may assume that (L*®TN, c) is the adjoint bundle of a rank two com- 
plex vector bundle E with group SU(2) . Furthermore, under this identification, 
P N is isomorphic to PE . As SO(3,R) = SU(2)/Z 2 = PSU(2) , any connection 
on (L* <S> TN, c) corresponds to a connection on the PSU(2)-bundle P^. Also, 
(L* <g> TN, c) is the adjoint bundle of the PSU(2)-bundle P N . 

Similarly, if (M 4 , cm) is a four- dimensional oriented conformal manifold then 
the bundle Pm of positive orthogonal complex structures on (M 4 , cm) is a PSU(2)- 
bundle. 

Furthermore, a submersion f : (M 4 ,Cm) — > (N 3 ,Cn) is horizontally conformal 
if and only if <L> : Pm — > Pn is a morphism of PSU(2)-bundles (in general, is 
a morphism of SL(3, M)-bundles). Also, note that, if ip is horizontally conformal 
then P M = f*(P N ) as PSU(2)-bundles. 

The following result shows the importance of the almost twistorial structures 
of Example 16.21 . 

Theorem 6.4. Let (M 4 ,cm, D m ) be a four-dimensional oriented Weyl space and 
let Pm be the bundle of positive orthogonal complex structures on (M 4 ,cm) ■ 

Let (N 3 , cjv, D N ) be a three-dimensional Weyl space and let k be a section of 
the dual of the line bundle of N 3 ; denote by V the connection associated to D 
and k . Let t' n be the almost twistorial structure of Example \3. % associated to 
(N 3 ,c N ,D N ,k). 

Let if : M 4 — > A^ 3 be a submersion; denote by Y = kerdf and M 3 = Y . 
Let t' and t'' be the almost twistorial structures of Example \6.2\ . associated to 
(M 4 , c M , D m ) and up . 

(i) The following assertions are equivalent: 

(11) if : (M 4 , t' v ) -> (A^ 3 , t' n ) is twistorial. 

(12) f : (M 4 ,cm, D m ) — > (N 3 ,cn, D N ) is a harmonic morphism. 

(ii) The following assertions are equivalent: 

(111) (f : (M 4 ,r^) -> (N 3 ,t' n ) is twistorial. 

(112) f : (M 4 ,c A/ ) -> {N 3 ,c N ) is horizontally conformal, Y(D M - D) = \ k 
and if*(D N ) = JifD M + | as partial connections, over ffl , where D is the 
Weyl connection of (M 4 , cm, Y) . 

(113) <f : (M 4 , cm) —* (N 3 , c^) is horizontally conformal and the partial con- 
nections on P M , over J? , induced by D M and <^*(V) are equal. 

Proof, (i) By Remark 16.31 . if (il) holds then if : (M 4 ,Cm) — > {N 3 ,Cn) is horizon- 
tally conformal. 

Let t' = (PmjMjTTm^L) and let t' n = (P N , N, ir N , J 7 ') . By associating to 
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each orthogonal complex structure on (M 4 , cm) its eigenspace corresponding to 
— i , we identify ttm '■ Pm — ► M with the bundle of self-dual spaces on (M 4 , cm) ■ 

Similarly, by associating to each skew-adjoint /-structure on (N 3 , cn) the sum 
of its eigenspaces corresponding to and — i , we identify n N : P N — > N with the 
bundle of (complex) two-dimensional degenerate spaces on (N 3 ,cn) . 

Under this identifications the natural lift $ : Pm — » Pn of ip is given by 
<P(p) = d<p(p) , for any p G Pm ■ 

Let q be a local section of P^ , over some open set V C N, and let p be the 
local section of Pm , over </> _1 (V) , such that <P o p = q o ip . At least locally, we 
may assume that p is generated by Y = U + iX and Z, with [/ vertical, and X 
and Z basic. Thus, q is generated by d(p(X) and dy?(Z) . 

We shall assume that, for some Xo G tp^iV) , we have dq(d(p(X XQ )) hori- 
zontal, with respect to the connection induced by V on P/v • Then Proposi- 
tion 12.61 . the fundamental equation and a straightforward calculation show that 
dp(Y XQ ) G (^') , > if and only if CM(tTace CM (Dd(p), Z) = 0, where D is the 
connection induced by D M and D N on ip*(TN) ® T*M. 

This proves that (i2)=^(il) . 

To prove the converse, assume that (il) holds. Then there exists a unique A G 
(K\(x ) such that d ^( A ) = d l(d(p(X X0 )) . From the fact that dTTj^C^^) is 
the line spanned by Y Xo , it follows quickly that d^M^A) = —Y XQ . Together with 
d$(A) = d$(dp(-Y X0 )) this^ gives A = dp(-Y Xo ) . Hence, dp(Y Xo ) G (^) p(xo) 

and, therefore, cm (trace Cju (Ddy?), Z) = 0. 

(ii) By Remark [6731 . if (iil) holds then tp : (M 4 ,cm) — ^ (^ 3 ,cat) is horizontally 
conformal. 

Similarly to above, let p be a basic local section of Pm ; that is, there exists a 
local section q of Pjv such that <P o p = q o ip . At least locally, we may assume 
that p is generated by Y = U + iX and Z, with U vertical, and X and Z basic. 
Thus, q is generated by dip(X) and d(p(Z) . 

To prove (iil) <^=^ (ii2) , we shall asume that p is horizontal, at some point 
x G M, with respect to the connection induced by D M on P M (this could be 
done as follows: firstly, define p over some hypersurface, containing and which 
is transversal to the fibres of tp , such that p to be horizontal at xq ; then, ex- 
tend p, to an open neighbourhood of xo , so that to be basic); in particular, 
d P (Z X0 ) G (V») p{xo) . 

Assertion (iil) is equivalent to the fact that, for any such p , we have dq(dip(X X0 )) 
is contained in the eigenbundle of T' corresponding to the eigenvalue i . By using 
Proposition 12.61 . it quickly follows that (iil) <^=^> (ii2) . 
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Let h be an oriented representative of cn and let g be a representative of cm 
such that <p : (M 4 , g) -> (iV 3 , /i) is a Riemannian submersion. Let a M and be 
the Lee forms of D M and D N with respect to g and ft , respectively. 

The equivalence (ii2) -<=>- (ii3) follows from the fact that any two of the fol- 
lowing assertions imply the third: 

(a) dp(J$? XQ ) is horizontal, with respect to the connection induced by D M on 

Pm ■ 

(b) q is horizontal at f(x ) , with respect to the connection induced by V on 

Pn- 

(c) At Xq we have ot M \y = \ k and a N = a M \jg> + | * , where we have 
identified k and a N with their pull-backs by ip and, in the first equality, we have 
used the isomorphism between V and the pull-back by <p of the line bundle of 
N 3 induced by <p and the orientation of M 4 . 

The proof is complete. □ 

Remark 6.5. Let (M 4 , c, D) be a four-dimensional oriented Weyl spaces and let 
P be the bundle of positive orthogonal complex structures on (M 4 , c) . 

With the same notations as in Example 16.21 . by Theorem I6.4( i) , the relation 
ip < — > c €' induces a bijective correspondence between one- dimensional foliations 
on (M 4 , c, D) , which are locally defined by harmonic morphisms, and certain 
almost CR- structures on P. 

Next, we prove the following. 

Theorem 6.6. Let (M a ,cm, D m ) be a four- dimensional oriented Weyl space and 
letr' M be the almost twistorial structure of Example \3.9\ , associated to (M 4 , cm, D m ) 

Let (N 3 , cn) be a three-dimensional conformal manifold endowed with two Weyl 
connections D' and D" . Let k be a section of the dual of the line bundle of 
N 3 and let t'^ be the almost twistorial structure of Example \ 6.1\ , associated to 
(N 3 ,c N ,D',D",k). 

Let ip : M 4 — ■> iV 3 be a submersion. The following assertions are equivalent: 

(i) tp : (M 4 ,t' m ) -> (iV 3 ,r^) is twistorial. 

(ii) ip : (M 4 , cm) — ► (N 3 , cn) is horizontally conformal and the connection in- 
duced by D M on the bundle of positive orthogonal complex structures on (M 4 , cm) 
is the pull-back by ip of (A, V) , where A = (D" — D'y°N and V is the connection 
associated to D" and k . 

(iii) The following assertions hold: 

(1111) ip : (M 4 ,cm, D m ) —> (N 3 ,cn,D') is a harmonic morphism; 

(1112) ip : (M 4 , tm) — * (N 3 , r N ) is twistorial, where r M and t n are the al- 
most twistorial structures of Examples VS. 8\ and VS. 5\ . associated to (M 4 ,cm) and 
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(A^ 3 , c^, 2D" — D') , respectively. 

(iii3) Y{D M — D) = where f = ker dip and D is the Weyl connection 

of{M\ CM ,r). 

Proof. From Theorem 16.41 . it follows that assertion (i) holds if and only if ip : 
(M 4 , c M , D m ) -> (N 3 , c N , D') is a harmonic morphism, 1/[D M - D) = \k and 
(p*[D N ) = J^D M + | as partial connections, over Jf . Together with the 

fundamental equation, this quickly gives (i) •<=>■ (iii) . 

Let t' m = (P M , M, 7Tm , J 1 ) ■ From Theorem 16.41 . it follows that assertion (i) 
holds if and only if ip : (M 4 , Cm) —> {N 3 , cjv) is horizontally conformal, the partial 
connections on P M , over Jrff, induced by D M and ip*(V) are equal, and we have 
J^(D M - D) = D' - D" + \ * J #>I Jt , as partial connections, over Jt. 

Let (Xi, . . . ,X 4 ) be a positive conformal local frame on (M 4 ,cm) such that 
Xi is vertical and X 2 , X 3 , X 4 are basic. Let g be the local representative of cm 
induced by (X\, . . . ,X 4 ) . Let a M and a be the Lee forms, with respect to g , 
of D M and D , respectively. Denote by Y l - k , (i,j,k = 1, . . . , 4) , the Christoffel 
symbols of D M with respect to . . . , X 4 ) . Then a straightforward calculation 
gives the following relations: 

ri 1 + r 3 1 = (a M -a-|*^)(x 2 ), 
rL-rL=K-«-|*^)(x 3 ), 

Y\y + T 2 31 = (a M -a-\ (X 4 ) . 

Thus, we have proved that (i) holds if and only if ip : (M 4 , cm) — > (N 3 , cn) is 
horizontally conformal, the partial connections on Pm, over Jjf, induced by D M 
and <p*(V) are equal, and the following relations hold: 

r^ 1 + r 3 1 = ( J D'- J D")(x 2 ), 

T^-Tl^iD'-D")^), 
T\ x + Tl x = {D'-D"){X,). 
It follows that (i) <^ (ii) . □ 

Remark 6.7. 1) Let (M 4 , cm,D m ) be a four- dimensional oriented Weyl space. 
Let t' m be the almost twistorial structure of Example l3.9l . associated to (M 4 , cm, D m ) ; 
denote by Pm be the bundle of positive orthogonal complex structures on (M 4 , cm) ■ 

Let ip : M 4 — > N 3 be a submersion onto a three-dimensional manifold. Let P/v 
be the bundle of oriented lines on N 3 . Then, similar to Example 14.91 . there can 
be defined a bundle map <P : P M — > -P/v- 

Suppose that there exists an almost twistorial structure r on N 3 such that 
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ip : (M 4 , t' m ) — > (iV 3 , r) is a twistorial map, with respect to <P. Then there exists 
a section of the dual of the line bundle of N 3 , a conformal structure cn on N 3 
and Weyl connections D' and D" on (N 3 , cn) such that r is the almost twistorial 
structure of Example 16.11 . associated to (N 3 , c^, D', D", k) . 

Similar comments apply to all of the previous examples of submersive twisto- 
rial maps. 

2) Let (M 4 , cm) be an oriented four-dimensional conformal manifold and let 
(N 3 , cn, D) be a three-dimensional Weyl space. Denote by t m and t n the al- 
most twistorial structures, of Examples 13.81 and 13.51 . associated to (M 4 ,cm) and 
(N 3 ,cn,D) , respectively. Let ip : (M 4 ,r M ) — > (N 3 ,t n ) be a twistorial map (see 
[20] and [6] for examples of such maps). 

Let D' be a Weyl connection on (N 3 , cn) and let A; be a section of the dual of 
the line bundle of N 3 ; denote by D" = \{D + D') . 

From Theorem 16.61 . it follows that there exists a unique Weyl connection D 
on (M 4 , cm) such that ip : (M 4 , r' M ) — > (N 3 , r N ) is twistorial, where t' m and 
Tju are the almost twistorial structures, of Examples 13.91 and 16.11 . associated to 
(M 4 , c M , D m ) and (iV 3 , c N , D', D", k) , respectively. 

3) Let (M 4 , cm) be a four- dimensional oriented conformal manifold and let L be 
the line bundle of M 4 . Denote by P± the bundles of positive /negative orthogonal 
complex structures on (M 4 , cm) ■ As P± are, locally, the projectivisations of the 
bundles of positive/negative spinors on (L*®TM, cm) , any conformal connection 
on (M 4 , cm) corresponds to a pair (T + , T_) , where r± are connections on P± . 

Let ip : (M 4 , cm) —> {N 3 , c^) be a horizontally conformal submersion onto a 
three-dimensional conformal manifold. Endow (iV 3 , c^) with two Weyl connec- 
tions D' and £)" and let k be a section of the dual of the line bundle of iV 3 . 
Let r + be the connection on P + which is the pull-back by ip of (A, V) , where 
A = (D" — D'y°N and V is the connection associated to D" and k . 

Let T_ be a connection on P_ and suppose that the connection D M corre- 
sponding to (T + ,r__) is torsion-free. Then, obviously, D is a Weyl connection 
on (M 4 ,cm)- Moreover, by Theorem 16.61 . the map ip : (M a ,t' m ) — > (N 3 ,t n ) is 
twistorial, where r' M and Tjy £1X6 the almost twistorial structures, of Examples 13.91 
and 16.11 . associated to (M 4 , cm, D m ) and (iV 3 , c^, D', D", k) , respectively. 

4) With the same notations as in Theorem 16.61 . it can be proved that (A, V) 
is a monopole on (N 3 , c N , 2D" - D') if and only if D' = D" and V is fiat (cf. ; 
see [14J for details about the resulting maps). 

The following result is an immediate consequence of Theorem 16.61 ; note that, 
the equivalence (ii) <^=^ (iii) appears in [H] . 
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Corollary 6.8. Let (M 4 , cm, D m ) be a four-dimensional oriented Weyl space and 
letr' M be the almost twistorial structure of Example \3.9\ . associated to (M 4 , cm, D m ) 
Let (N 3 , c^, D ) be a three-dimensional Weyl space and let k be a section of 
the dual of the line bundle of N 3 . Let t' n be the almost twistorial structure of 
Example ~3~1 , associated to (N 3 , c^, D , k) . 



Let ip : M 4 — > A^ 3 be a submersion. The following assertions are equivalent: 

(i) (f : (M 4 ,t' m ) — > (N 3 ,t' n ) is twistorial. 

(ii) ip : (M 4 , cm) — > {N 3 , cjy) horizontally conformal and the connection in- 
duced by D M on the bundle of positive orthogonal complex structures on (M 4 , cm) 
is the pull-back by ip of V, where V is the connection associated to D N and k . 

(iii) The following assertions hold: 

(1111) ip : (M 4 ,cm, D ) — > (N 3 ,cm,D n ) is a harmonic morphism; 

(1112) (f : (M a ,tm) — > (N 3 ,tn) is twistorial, where tm and tn are the 
almost twistorial structure of Examples \3.8\ and \3.5\ . associated to (M a 1 cm) and 
(N 3 , cn, D n ) , respectively. 

(1113) Y{D M — D) = ^k where "V = ker dip and D is the Weyl connection 
of{M\c Ml f). 

Example 6.9. 1) Let tp : (M 4 ,g) — > (N 3 ,h) be a harmonic morphism given by 
the Gibbons-Hawking or the Beltrami fields construction (see [19] ). Then ip sat- 
isfies (ii) and (iii) of Corollary 16.81 . with D and D the Levi-Civita connections 
of g and h , respectively, and a suitable choice of k ( [H] , [20] ). Hence, (p satisfies 
assertion (i) of Corollary 16.81 (and, also, (i) of Theorem 16.61 ). 

2) Let ip : (M 4 , g) — > (N 3 , h) be a harmonic morphism of Killing type between 
Riemannian manifolds of dimensions four and three. Then ip satisfies (iiil) , (iii2) 
of Theorem 16.61 . with D M and D' the Levi-Civita connections of g and h , re- 
spectively, and a suitable choice of D" [20] ; also, ip satisfies (iii3) , with k = . 
Hence, ip satisfies assertion (i) of Theorem 16.61 . 
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